In this paper we define the notion of weak Arens regular Banach algebras and extend the concept of quasi-multipliers to this certain class of Banach algebras. Among other the relationship between Arens regularity of the algebra A * * of a weak Arens regular Banach algebra A and the space QM r (A * ) of all bilinear and separately continuous right quasimultipliers of A * is investigated. Further, we stablish several properties of the strict and quasi-strict topologies on the QM r (A * )
Introduction
The notion of a quasi-multiplier is a generalization of the notion of a multiplier on a Banach algebra and was introduced by Akemann and Pedersen [1] for C * -algebras. McKennon [14] extended the definition to a general complex Banach algebra A with a bounded approximate identity (b.a.i., for brevity) as follows. A bilinear mapping m : A × A → A is a quasi-multiplier on A if
m(ab, cd) = a m(b, c) d (a, b, c, d ∈ A).
For a Banach space X, let X * be its topological dual. The pairing between X and X * is denoted by ·, · . We always consider X naturally embedded into X Thus, the class of weak Arens regular Banach algebras is strictly larger than the class of Arens regular algebras.
Proposition 2.3 Let A be a unital Banach algebra. A is weak Arens regular if and only if it is Arens regular.
Proof. Let 
which means that weak Arens regularity implies Arens regularity.
3 Quasi-multipliers of A * and their properties 
and
* and F ∈ A * * we conclude that ρ is onto.
At the end assume that E is mixed identity for A * * of norm one. Let T ∈ M r (A * ) and ε > 0 be arbitrary. If ξ ∈ A * is such that ξ ≤ 1 and
Thus, ρ is an isometry. 
Remark 3.5 Let A is a weak Arens regular Banach algebra and
which means ψ is a homomorphism. Assume that ψ(H) = 0 for H ∈ A * * . Since the mapping ρ is one to one R H = 0. Hence, for each ξ ∈ A * , one has ξ • H = 0. Since, by the assumption, A * factors on the right, we conclude H = 0. Thus, ψ is one to one. Homomorphism ψ is onto, as well. Namely, if m ∈ QM r (A * ), then there exist 
Theorem 3.7 Let A be a weak Arens regular Banach algebra and assume that
F •G = ψ * * (F ) • ψ * * (G) = ψ * * (F • G) = ψ * * (F • G) =F • G .
Remark 3.8 Let A be a weak Arens regular Banach algebra. For each H ∈
It is easy to see that H * m, m * H ∈ QM r (A * ).
Strict and quasi-strict topology on QM r (A * )
Beside the norm topology there are two other useful topologies on QM r (A * ). The first is the strict topology β which is given by seminorms
The second is the quasi-strict topology γ. It is given by seminorms
Let τ denote the topology on QM r (A * ) generated by the norm.
Theorem 4.1 Let A be a weak Arens regular Banach algebra and
(1)
hence H is pointwise bounded. Then, by the uniform boundedness principle, there exists c = c(F ) > 0 such that
Consider now the family P = {p m : m ∈ H} of seminorms on A * defined by
Then by (2) , the family P is pointwise bounded. By [8, p. 142 
This implies that
5 Quasi-multipliers of the dual of L 1 (G) At the end we consider the group algebra of a compact group G. By [19] , (G) . Let M(G) be the convolution algebra of all bounded regular measures on G. Recall that the convolution product of f ∈ L 1 (G) and μ ∈ M(G) is given by
However, the space L ∞ (G) has also a natural structure of a Banach M(G)-bimodule. The same holds for
We will denote all these module multiplications by * .
Proposition 5.1 Let G be a compact group and A = L 1 (G). Then the equation
defines a linear isomorphism between M(G) and a subspace of QM r (A * ).
Proof: Note that by the definition of module action (ξ * μ) * F = ξ * (μ * F ). From this and weak Arens regularity we conclude that θ μ ∈ QM r (L 1 (G) * ). Of course, θ : M(G) → QM r (L 1 (G) * ) is a bounded linear map. We claim that θ is injective. Indeed, suppose that θ μ = 0. Then (ξ * μ) * F = 0 for all ξ ∈ L ∞ (G) and F ∈ (L ∞ (G)) * . Since L 1 (G) has a b.a.i. it follows ξ • μ = 0. In particular, for each ξ ∈ C 0 (G), ξ • μ = 0. Since the measure algebra M (G) is the dual of C 0 (G) and it has a b.a.i., μ = 0, as required.
